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In cosmological scenarios such as the pre-big bang scenario or the ekpyrotic scenario, a matching 
condition between the metric perturbations in the pre-big bang phase and those in the post big-bang 
phase is often assumed. Various matching conditions have been considered in the literature. Nev- 
ertheless obtaining a scale invariant CMB spectrum via a concrete mechanism remains impossible. 
In this paper, we examine this problem from the point of view of local causality. We begin with 
introducing the notion of local causality and explain how it constrains the form of the matching 
condition. We then prove a no-go theorem: independent of the details of the matching condition, 
a scale invariant spectrum is impossible as long as the local causality condition is satisfied. In our 
framework, it is easy to show that a violation of local causality around the bounce is needed in order 
to give a scale invariant spectrum. We study a specific scenario of this possibility by considering a 
nonlocal effective theory inspired by noncommutative geometry around the bounce and show that a 
scale invariant spectrum is possible. Moreover we demonstrate that the magnitude of the spectrum 
is compatible with observations if the bounce is assumed to occur at an energy scale which is a few 
orders of magnitude below the Planckian energy scale. 

PACS numbers: Valid PACS appear here 



I. INTRODUCTION 

The studies of big bang singularity is an important 
arena where string theory and cosmology meet. Recently 
based on stringy dualities or extra dimensions arguments, 
attempts to resolve the big bang singularity such as the 
pre-big-bang or the ekpyrotic/cyclic cosmology @,0 
has been put forwarded (see for example 3 for review on 
string cosmology). To be an ambitious model of string 
cosmology, one hopes to reproduce the scale-invariant 
spectrum of density perturbations without invoking in- 
flation. In both of these scenarios, one can expect the 
physics around the bounce (say around r\- < rj < t] + ) 
to be nonperturbative and highly nontrivial. Without 
committing oneself to any specific form of the dynam- 
ics involved, a useful approach to this problem is to re- 
place the dynamical evolution around the bounce by a 
nontrivial phase transition 0-0. In this approach, one 
evolves the Einstein equation far from the bounce (for 
time T) < rj- and r/ > rj + ) where the classical equation 
can be applied, and then try to connect the physics at 
?7_, rj + using an appropriate matching condition. We call 
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these matching conditions to distinguish from the usual 
junction conditions |33| . 

The form of the matching conditions has important 
consequences on the form of the cosmic microwave back- 
ground (CMB) spectrum. In the framework of known 
physics, it is found not to be the case both for the pre- 
big bang |j| and the ekpyrotic scenarios 0, 0, 0, 0] . 
It is natural to ask to what extent this conclusion de- 
pends on the details of the matching conditions. In ^2] 
it was argued that the predictions of density perturba- 
tions of the bouncing cosmology are independent of the 
details of the matching condition near the bounce, with 
the reason that there exists a dynamical attractor such 
that every observer will follow the same history and result 
in the continuity of the curvature perturbation. Studies 
on models with regular bounce has been carried out [Tflj 
and gave negative result on rather general assumptions 

The main goal of this paper is to understand to what 
extent the known matching conditions may get modified 
due to the high energy corrections to Einstein gravity and 
to examine whether or not there is any special class of 
matching conditions that could lead to a scale invariant 
spectrum. We will show that if the matching condition 
respects a local causality condition near the bounce, there 
is indeed no way to generate a scale invariant power spec- 
trum, agreeing with the general result of |12j. By local 
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causality, we mean a local event is not allowed to affect 
infinitely separated points through the bounce. More 
specifically, using our local matching condition, we find 
that a new mixing term between the subdominant mode 
in the pre-bounce era and the subdominant mode in the 
late time universe is allowed. This could be attributed 
to the anisotropic stress during the bounce. This new 
mixing term, however, cannot help to produce a scale- 
invariant mode that is dominant in the late time universe. 
To do this job, a mixing between the dominant mode in 
the pre-bounce era and the dominant mode in the late 
time is needed. However, this mixing is absent in gen- 
eral if the matching condition respects the local causality 
condition. 

The important conclusion of our general treatment of 
the matching condition is that there has to be new non- 
local effects beyond general relativity in order to obtain a 
scale invariant power spectrum for the CMB fluctuations. 
In string theory, nonlocal effects such as noncommutative 
geometry has been widely considered. Motivated by this, 
we consider a modified equation of motion for the cosmo- 
logical fluctuations inspired by the noncommutative field 
theory. We find that if the degree of nonlocality is not too 
strong, a scale invariant spectrum may appear. Moreover 
the magnitude of the density spectrum is compatible with 
observation if the bounce occurred at an energy scale that 
is a few orders of magnitude below the Planck scale. 

The paper is organized as follows. In the next section, 
we discuss the notion of local causality and explain how it 
leads to the condition that there exists no negative pow- 
ers of derivative in the matching condition. In section 
IIIII we begin with a brief review of the linear cosmo- 
logical perturbation theory, applied to the pre-big bang 
and ekpyrotic scenarios. Next we impose the condition 
of local causality and express our local matching condi- 
tion in terms of the gauge invariant variables. We then 
demonstrate a no-go theorem: a scale invariant spectrum 
is generally impossible if a local matching condition is as- 
sumed. In section lTVl we go beyond the condition of local 
causality and consider a toy model inspired by the non- 
commutative field theory of the ekyprotic scenario. We 
find in this model that it is possible to obtain a scale- 
invariant spectrum. Section is devoted to conclusions 
and discussions. The paper is ended with a couple of ap- 
pendices which address some of the more technical issues. 

Here is our notation: /i, ■ ■ ■ run from to 3, i, j, • • • 
run from 1 to 3, x represents the spatial part of the co- 
ordinate x M . 



II. LOCAL MATCHING CONDITION IN 
BOUNCING COSMOLOGIES 

As we explained in the introduction, the situation is 
more complicated in the studies of bouncing cosmolo- 
gies. Here one cannot evolve the classical general relativ- 
ity in the region around the bounce since it is supposed 
to break down there. Since this region is supported gen- 



erally on a nonzero measure set, one cannot apply the 
usual idea of junction condition which is imposed at a 
single hypersurface. One need a more general matching 
condition. 

One approach which has been widely adopted in the lit- 
erature is to assume the occurrence of a nontrivial phase 
transition around the bounce. Let 0(i,x) be the order 
parameter associated with the phase transition. Then 
the matching is carried out on the two hypersurfaces (± 
corresponds to initial and final time of the phase transi- 
tion) 

0(t± , x) = <D± = constant, (I) 

by matching up the values of certain quantity which one 
may argue to be conserved during the phase transition. 
However there is weakness in this approach since the con- 
servation law depends in some details of the dynamics 
during the phase transition. 

In the following we will take a different approach which 
allow us to discuss all possible matching conditions in 
general. We will characterize a matching condition ac- 
cording to whether it respects a local causality condition 
of the physics involved. Our approach has the advantage 
that it is more robust without assuming the underlying 
dynamics. Also as we will see, it gives clear indication 
how new physics should appear in order to give a scale 
invariant density spectrum. 

A. Requirement of local causality and local 
matching condition 

Our guiding principle in constructing the matching 
condition is the condition of local causality. The state- 
ment is that no local event is allowed to affect infinitely 
separated points through the phase transition. Or equiv- 
alently the past causal region of any space-time point is 
of finite extent for a finite time duration. Although this 
assumption is intuitive and natural, a couple of remarks 
about its applicability is in order. 

1. We note that if the spatial section of the universe dur- 
ing the bounce is compact and of the size comparable to 
the time scale of the bounce, local causality is not ex- 
pected to hold. This would be the case if the size of the 
universe is the self dual radius of the string theory during 
the bounce. Several models with closed spatial section 
has been studied [l^. On the other hand, if the spatial 
section of the universe during the bounce remained of 
the size much larger than the time scale of the bounce, 
it is reasonable to assume the validity of local causality. 
This requires the flattness problem to be solved by some 
mechanism prior to the bounce ^(|. We do not address 
the flattness problem in this paper and concentrate on 
the problem of the spectrum of the density fluctuation. 

2. Due to the nonlocal nature of string, modification of 
the local causality condition occurs, typically at the in- 
teracting string level ■ One can expect the violation of 
the local causality condition also occurs in some stringy 
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cosmologies. Another well known example of nonlocal 
physics is noncommutative geometry. It is possible that 
quantum gravity may lead to a description of noncom- 
mutative geometry during the bounce and a violation of 
the local causality condition. We will say more about 
this later. 

Next we want to apply the requirement of the local 
causality to obtain our local matching condition. Let us 
begin with introducing two space-like hypersurfaces S- 
and S + separated by the bounce, where the former is 
before the bounce and the latter is after it. Before and 
after S±, we assume that general relativity is valid and 
that linear perturbation provides a good approximation 
for the evolution of the fluctuation. The surface of the 
matching is specified by equations 

± {t,x) = O ± on S± (2) 

respectively. Here 0±(t,yi) are scalar quantities con- 
structed out of metric and matter fields and 0± are con- 
stants. Let us choose the synchronous gauge 

0oo = -1, 9iQ = 9oi = 0, (3) 

We also choose the time coordinate to satisfy 

t = t± on S± (4) 

respectively. Note that the condition © and (@J are pos- 
sible for any surface of the matching J2J. This is due to 
the residual gauge degrees of freedom in the syncronous 
gauge. 

We will be interested in the standard type of cosmolog- 
ical backgrounds which are homogeneous and isotropic, 

ds 2 = -dt 2 + a 2 dx 2 = a 2 (-dri 2 + rfx 2 ). (5) 

Here a = a(rj) and rj is the conformal time. Consider 
metric and scalar field perturbation of the form 

Sg»„ = % l ,(fc,r ? )e lkx and Sip = 5<p(k, ?7)e lkx , (6) 

where k is the comoving wave number. We will be in- 
terested in perturbations with wavelength longer than 
the horizon size since these are the fluctuations that are 
relevant to the CMB observational data. The long wave- 
length limit means that the physical wavelength a/k is 
much larger than the Hubble scale, i.e. 



Here H = a/ a is the Hubble constant and TC = a' /a; 
dot represents the derivative with respect to cosmological 
time t and prime represents the derivative with respect 
the conformal time rj. One can convince oneself that 
this bound for long wavelength limit is very easy to be 
satisfied by the currently observed CMB data. 

Now we impose the condition of local causality. By 
local causality of the matching condition we means that 




FIG. 1: Local cauality 



there exists some finite region f2_ on 5_ such that all 
the data {gij 1 gL, <p, </?'} at P' on S+ is determined only 
by data {gij, gL, <p, ip'} on fL_, modulo local spatial co- 
ordinate transformation (see FIG. A subtle point in 
the problem of the matching condition is that it is not 
guaranteed that the Cauchy problem is solvable through- 
out the bounce. In this paper, we assume the solvability 
for long wavelength modes. In the long wavelength limit, 
the scalar field and metric on Q_ can be expanded in 
terms of tp, and derivatives of them at a point P on 
f2_. Given a one to one map P — > P' from S- to S+, 
the metric and scalar field at P' is given by a function 
of the scalar field, metric and derivatives of them at P. 
For example, once the coordinate system on S+ is given, 
the matching condition for the metric formally takes the 
form 

9ij\r)=r, + ,p> = H V > g'ij , V, <P', Vfe) |^ =7) _ P , (8) 

The function fly is a rank 2 symmetric tensor with re- 
spect to the spatial coordinate transformation. 

Because of the local causality, no negative power of 
Vfc can appear. Due to the tensor structure, it is clear 
that only even powers of Vfc appear. The general form of 
the metric on S+ is given by possible covariant combina- 
tions of metric and scalar fields with spatial derivatives on 
S_. Choosing a map P — > P' properly, no x-dependent 
quantity enters into the matching condition. Expanded 
in powers of Vfc, the matching condition © takes the 
form 

9v\ v=v+ ,p> = H ij (9ij,g' i j,V,¥>')\ ri=rl _ : p + --- , (9) 

where • • • denotes terms of higher order in Vfc. Now note 
that the only nontrival tensors available for constructing 
the tensor flj^ are gij,g[j and g l ^,g'^. Employing a 
matrix notation, it is easy to see that the most general 
form of flW is: 

ff(°) =Y J oxM)P x {g,g\g-\g'- 1 ), (10) 

X 

where for n > integer, 

P x := f(AB)A(BA) n 

with A = g or g', B = g~ 1 ovg'~ 1 . (11) 

f(AB) represents all possible functions constructed out 
of Tr(AB) l, s. The sum X in (JTJUl is over all possible 
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incquivalent forms of such factors. Similarly, we can gen- 
eralize the above discussion to the matching condition of 
g'ij and for other generic tensors. 

We remark that one may try to generalize the above to 
the gauge invariant quantities, but the requirement of lo- 
cal causality is less clear and less easy to formulate since 
spatial integrals of the metric fluctuaions is included in 
the definition of the gauge invariant quantities. Our local 
matching condition is in the same spirit as the method 
of spatial gradient expansion (see, e.g., (l^l. However, 
validity of a four dimensional effective theory during the 
bounce is not assumed in our approach. In the next sec- 
tion we will apply our local matching condition Jj|J) to the 
problem of bouncing cosmologies. 

III. DENSITY PERTURBATION IN 
BOUNCING COSMOLOGIES 

In this section, we will first briefly review the theory of 
cosmological perturbation [l^. We then apply the local 
matching condition to the bouncing cosmologies. Before 
the bounce, the model for the pre-big bang or ekpyrotic 
scenario is given by the four-dimensional effective theory 
with a scalar field coupled to gravity, the action is 

S = J d'x^—g (-Lji + ~ {dp>) 2 - V( V )j . (12) 

The scalar field ip is related to dilaton or the size of the 
extra-dimension. The evolution of fluctuation depends 
on the nontrivial potential V((f) for the scalar field. The 
universe starts from a Minkowski spacetime with V « 
0. In this paper we will consider the case of having a 
single scalar ip only. The generalization to many scalars 
is straightforward. 

We remark that: 1. In general there could be other fields 
in the model. One can divide the scalar fields into the 
background one (adiabatic field) and the others (entropy 
fields) [2fJ. The scalar field in l|12l) is the adiabatic field 
and entropy fields are zero by definition. The effect com- 
ing from fluctuation in the other scalar fields contribute 
to the entropy perturbation. We will discuss the effect 
of the entropy perturbation on the matching condition in 
the appendix El 

2. In addition to the local causality condition, we will 
also assume the perfect fluid condition before and after 
the bounce. Perfect fluid condition requires the vanishing 
of the anisotropic stress. This is a reasonable assump- 
tion since in the single scalar field model l|12|) . there is 
no anisotropic stress in the linear order of perturbation 
theory. In the radiation dominated era after the bounce, 
there is also no anisotropic stress if the mean free path 
is small, as is often assumed. We will discuss the effect 
of the anisotropic stress in the appendix iDl 

In section ITlI CI we will show that one cannot obtain a 
scale invariant spectrum if the local matching condition 
is employed. This conclusion is unaffected by the effects 
discussed in appendix ICl and IDl 



A. Review of cosmological perturbation theory 

Metric fluctuations are classified by their properties 
under the spatial rotations into scalar, vector and tensor 
ones. In the linear perturbation theory, time evolution 
of these perturbations are decoupled with each other. In 
this paper, we will focus on the scalar ones (the consid- 
eration of the vector and tensor modes can be proceeded 
similarly) which are defined by 

^-'(-Xx^X)) 1 (13) 

where (p, B, ip and E are scalar functions on the constant- 
time hypersurface. Indices \i means taking three dimen- 
sional covariant derivative in spatial direction. In our 
case it is the ordinary derivative. Indices i,j m " are 
raised and lowered by the Kronecker delta. 

There is a gauge symmetry for the fluctuations of met- 
ric due to the residual diffeomorphism on the background 
metric, and the gauge transformations affecting scalar 
fluctuations are of the form. 

Tj — > fj = Tj + £° (rj . x) and x l — > x l = x z + § lJ dj£(r), x). 

(14) 

In the linear order, functions <p, B, ip and E in the metric 
fluctuation are changed to </>, B, ip and E as follows. 

4> = 0-(a'/a)e-e', $ = i>+(a'/a)e, _ 

(15) 

B = B + £ Q -£ , 1 E = E-£. 

Gauge invariant quantities are 

$ = <p + (l/a)[(B - E')a]\ V = ip- (a'/a)(B - E'). 

(16) 

The energy momentum tensor of the action l|12l) describes 
a perfect fluid. It follows that $ = ^ . We will assume 
that the perfect fluid condition is satisfied for 77 < 77 and 

V > V+- 

For the fluctuation of the scalar field we have the con- 
straint equation coming from the equation of motion, 

<M*> = QzV) (<&' + «$), (17) 

where 

5tp igt) :=5<p + <p'(B-E') (18) 

is the gauge invariant fluctuation of the scalar field and 

I is the Planck length. Thus the scalar fluctuation $ is 
the only independent quantity to consider. By expanding 
the Einstein equation around the background metric, one 
gets the time-dependent equation for <I>, which can be 
put into a compact form in terms of the new variable 

II := a$>/<p': 

»"(*, V) + (k 2 - ( -^Pj u(k, rj) = 0, (19) 
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where z = cup' /TL. This is a Schrodinger type equation 
and can be solved once the initial condition is speci- 
fied. The initial condition is given by assuming that 
the universe starts from the Minkowski space where 
k 2 ^> (z^ 1 )" / z^ 1 . In this limit, we get a plane wave 
solution with the normalization fixed by the canonical 
quantization, the result is 



l (k,r l ) = --l 2 k- 3 / 2 e- ikr >. 



(20) 



Note that only the positive energy mode (e~ lkri ) is chosen 
as the initial condition. 

On the other hand, we are interested in the long wave- 
length limit, k 2 <C (z^ 1 )" / z~ 1 near the bounce, therefore 



u"(k,j]) - v _/ u(k,n) = 0. 
z 1 

The solution at the leading order of fc-expansion is 



(21) 



r 2 u = S{k)^- + 0{k 2 )) +|o(fe)(i J d V z 2 + 0(k 2 )). 

(22) 

Note that the correction starts from k 2 order. From 122|) 
we have 



$=S(k) [ l 2 ^ + 0{k 2 ) 



+ D{k) dm 2 ^ +o{k 2 



(23) 



The coefficients S(k) and D(k) are time independent. 
Their form are fixed by extrapolating l|22|l to the short 
wavelength limit and compare with H20[) at the regime 
k 2 ~ (z^ 1 )" / z^ 1 . The details depend on the time evolu- 
tion of $ at this intermediate regime and thus depends 
on the potential V(ip). A scale invariant spectrum 



(24) 



is obtained if <£>(£;) oc fc~ 3 / 2 . 

In bouncing cosmologies, the term proportional to S 
grows before the bounce whereas the term proportional 
to D is constant with respect to time. After the bounce, 
assuming the universe is filled with radiation and that 
there is no entropy perturbation, then the evolution of 
fluctuation is governed by the same equation ljl§|> as be- 
fore. In the long wavelength limit, the solution for the 
fluctuation is in the same form as (|23|l . We note that the 
iS-mode is now decaying in time and thus the D-mode be- 
comes dominant, particularly at the time of decoupling. 



The important task is to determine the fc-dependence of 
S( + )(k) and D^(k) after the bounce. Using the match- 
ing condition, one can relate them to the S^'(k) and 
D(~'(k) before the bounce. 

In general a mixing between the modes S and D may 



S W 

£>(+) 



= M 



(25) 



Here, matching matrix (M)^ are functions of k. If the 
mixing is right, the desired form of D^ + ' ~ /c~ 3 / 2 may be 
generated and hence result in a scale invariant spectrum 
in CMB. 

Below we derive the form of the matching between 
(£?(-),!)(-)) and (S^+\ flW). In particular we will find 
that local causality implies that 

M 2 i = 0, M22 = 1, and thus D {+) = D^~\ (26) 



B. Consequences of the local matching condition: 
mixing matrix 

Our discussion so far is general and we can consider the 
matching condition on any surface. In the analysis below, 
we will take the matching surface S— to be the one given 
by tp = constant. We can choose a different matching 
surface with 0—(r], x) = constant for a different quantity 
O-. However as explained in the appendix^] the metric 
and scalar field fluctuations turns out to be the same as 
(|27|l and 128|l up to the order we consider and leads to 
the same matching condition l|47|l below . 

To justify the linear matching condition, one needs 
to examine the magnitude of the fluctuation of physical 
quantities on the surface of the matching. In |l2l |. va- 
lidity of the linear perturbation theory is demonstrated 
using the attractor property of the background solution. 
In particular it has been shown that in the syncronous 
gauge Sgoo = Sgoi — 0, linear perturbation theory re- 
mains valid near the bounce. Another advantage of using 
the syncronous gauge is that we can choose the match- 
ing surface such that the scalar field has no fluctuation 
(up to the order of k we consider) over it. In fact as 
we show in the appendix ^ we can exploit the residual 
gauge symmetry of this gauge and choose the hypersur- 
faces S- such that ip is constant over S-, i.e. Sip = 0. 
Therefore we will use the syncronous gauge. The form 
of the metric and scalar field fluctutaion in this gauge is 
also computed in the appendix lAl with the result that, 
around T) = x\— , 
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/O 



Sgl-\ V ,k) = 2a 2 



(d(-) + 0(fc™* +2 )))% 
(M~)Z 2 / d?7a- 2 - D(-) / d^a" 2 / d V a 2 ) + 0(fc"*+ 2 )) y 



(27) 



and 



5(p = 0(k n * +2 ). 



(28) 



And such that 5<p — at r\ = rj— . Here n$ is a constant 
specifying the order in the wave number k of the gauge 
invariant observable 3>, i.e. $ = 0(fc"*). In our following 
analysis, we will be interested in the leading order terms 
only, and so any terms with 0(k n<s,+2 ) are effectively zero 
in the long wavelength limit. Note also that 



c x = 4 B) + 0(k n *+ 2 ) 



-x 



(29) 



for the coefficient cx' appearing in the general match- 
ing condition (JHJ. Here the superscript B denotes the 
background. 

As a first application of our local matching condition, 
we will show that the covariance of the matching con- 
dition proves the continuity through the bounce of 
the term proportional to D^Sij in the metric fluctua- 
tion l|27|l. To see this, we substitute (|27|l into the general 
matching condition @ and, for the moment, assume that 
the term kikjS^ • • • is higher order in k compared to the 
D(' term. Due to the structure of P%, we get generally 



Px(9, <?', g-\ g'- 1 ) = d x (a, a') x (1 + 2D^) + ■■■ (30) 

to leading order in k. Here dx(a,a') is a homogeneous 
monomial of a^a'^cr 1 ^a'^ 1 of degree 1. Therefore we 
obtain 



fJ 



(+)| 



= a 2 + (l + 2D^)6 l3 +--- 



where 



a + = a + (a(r)),a'(r)),- 



l7/=?j_ 



(31) 



(32) 



Here we have used the fact that c x depends only on a 
and a' and we have denoted 



(33) 



x 



As a result, we obtain 



§ 9iP\ v=v+ = 2a 2 + D^6 t] + 0(fc"*+ 2 ). (34) 



Appling the same matching argument to the time deriva- 
tive of the metric, we get 



,(+)'! 



2(a 2 + yD^6 ll +0(k n *+ 2 ) 



(35) 



where the constant (a 2 ^)' is defined in a similar fashion as 

(|33ll . Having Sg^ and its first time derivative on r\ = 77+ 

surface, then Sg^ can be determined for t] > r}+. In the 
synchronous gauge, we have 

5g(+\ V ,k) = 2a\ ( ° ^ ( _ )% + ° 0(fc „* +2) ) ■ (36) 

This concludes the continuity of the term proportional 
to D^Sij through the bounce. This result is consistent 
with the argument given in [l2T | . 

Next we include also the kikj terms in the local match- 
ing condition 0. The most general form of 5g$ after 
the bounce is 



Sg^( V ,k)=2a 2 { 



(£>(-) + 0(fc™*+ 2 ))<% 
(s^Ms + D^M D + 0(fc™*+ 2 )) 



(37) 



Here M$ and Md are some functions of 77 whose form 
can be fixed by requiring the perfect fluid condition. In- 
deed from the definitions of the gauge invariant quantities 
l|16p. one has 

$=(l/a) [(5 (_) M s + M D )' 'aV + 0(fc™*+ 2 ), (38) 

* =!)(-) - (a7a)(5 ( - ) M s + D^M D )' + 0(fc"*+ 2 ). 

(39) 



Perfect fluid condition <j> = \& requires 

(l/a)[M s a]' = -(a'/a)M s , 

and 

(l/a)[M>]' = 1 - (a'/a)M' D . 
Solving gives 



and l|41|l gives 



M' D = a- 2 (j 



d-qa 2 + C D i 



(40) 



(41) 



(42) 



(43) 
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where Cs and Cd are arbitrary constants. Putting this 
into !|5g|). 



<p = -C s S^f^ + -D^(-( I d V a 2 + C D l 2 



+ 0(k n *+ 2 ) 

= - (C S S^ + C D D^)l 2 ^ + f - / d V a 2 

a z a \a J 

+ 0(fc"*+ 2 ). (44) 

The form of the fluctuation agrees with the form i|22|) 
in the lowest order and thus confirms the absence of the 
entropy perturbation after the bounce in the long wave- 
length limit up to the order fc ra *. An immediate conse- 
quence of l|4^|l is that 



(45) 



This condition expressing the continuity of the curvature 
perturbation was shown in [21| as the consequence of the 
conservation law of energy momentum. In this paper, we 
have established this as the result of the covariance of 
the matching condition. 

Note that our above result l|44ll and (|45|l were obtained 
by assuming that in (|27|l the term kikjS^^ • • • is higher 
order in k compared to the D^~) term. This is true for 
the ekpyrotic scenario (see (|54[1 below), but not for the 
pre-big bang scenario H53[) . For a general potential of the 
form l|48l) . one can check that the term kikjS^ ■ ■ ■ will 
be dominant over the D^~) term whenever 1/3 < p < 1. 
Whenever the assumption is violated, one need to take 
into account of the kikjS^ term in our above analysis 
and this leads to higher order corrections to M21 of the 
form Mi\ ~ k 2 . And we obtain that 

£>(+) = £)(-) + Ak 2 S ( ~\ with A a real number, (46) 

in the leading order of k. This agrees with that of ^l| . In 
conclusion, the matching condition in the leading order 
can be expressed in the form of a mixing matrix as follows 



£>(+) 



M 



Ak 2 1 



(47) 

with undetermined coefficients Cs and Cd- <|47|) is the 
most general matching condition that is consistent with 
the requirement of local causality. This is one of the main 
result of this paper. 

Utilizing the explict spectra (|53|l and (|54() below, the 
condition (|46|l implies that it is impossible to generate a 
scale invariant spectrum for the pre-big bang and the 
ekpyrotic scenario. For the general potential ll4^|) . a 
possibility of obtaining a scale invariant spectrum was 
discussed in ^l| where p — 2/3 and D^~) ~ fc 3 / 2 , 
~ k-v 2 were found. Unfortunately, the solution 
turned out not to be a stable attractor point |22j]. It is 



still an open problem to obtain more general form of ini- 
tial spectrums which could result in the scale invariant 
spectrum after the bounce. 

Finally we remark that if one instead uses the Lich- 
nerowicz junction condition on the constant energy sur- 
face, one can apply the result of and gets Cs = 
1, Cd = 0. Deviation of Cs and Cd from unity and 
zero respectively is possible in general. For example, in 
appendix [D] we discuss the effect of having anisotropic 
stress during the bounce and how the values of Cs and 
Cd may be affected. We also remark that here we have 
only considered a single scalar coupled to gravity. For the 
effect of multi-scalar scenarios on the matching condition, 
we refer the reader to appendix El for some discussions. 



C. Bouncing cosmologies and desnity spectrum 

In the studies of bouncing cosmologies, a potential is 
supposed to be generated by the nonperturbative effects 
in string theory and it takes the form 



V(ip) = -V e V p 



llf 



(48) 



Different values of the parameter p give different cosmo- 
logical models. For example, < p << 1 in the ekpyrotic 
scenario, and p = j in the pre-big bang scenario. In this 
case, an exact solution for the background metric © can 
be obtained. We have 



a = a Q \r)\ r=5 



and 



31' 



2\ "I/ 2 



aoP 1/2 |??| 1 - p , 



(49) 



(50) 



where clq is a parameter with the dimension of length. 
Moreover, the equation (|19H for the metric fluctuation 
can be solved explicitly by 11] 

«=(^)y|*- 1 N 1 / a HW(*N), (5i) 

where Hu is the Hankel function of the first kind 

and v = ■ Expanding the solution in k, we get 



S = 



/3tt/ 2 V /2 2 v a 



D = 



\ 4 / sini/Tr I 2 r(-z/+ 1) 



-l/2 k -l-v 



.1/2 1 +P,-l+ v 



V 4 / sinvn T(u + 1) 1 -p 



(52) 



These expressions give the fc-dependence of the S and D 
for a given p. It is easy to obtain that before the bounce, 
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S and D scales as 

for the pre-big bang scenario, (53) 

for the ekpyrotic scenario. (54) 

As has been argued above, scale invariant spectrum is 
not resulted in these scenarios. 

In conclusion, we have shown a no-go theorem: as long 
as the local causal matching condition is respected, one 
cannot obtain a scale invariant spectrum in the post- 
bounce era for both the pre-big bang scenario and the 
ekpyrotic scenario. This no-go theorem can however be 
easily lifted. In the next section we discuss the possibil- 
ity of having nonlocal causality during the bounce and 
study the possible effects on the resulting spectrum. In 
particular we demonstrate that by allowing nonlocal ef- 

I 



fects during the bounce, a scale invariant spectrum can 
be generated. 



IV. NON-LOCAL BOUNCE AND 
SCALE-INVARIANT SPECTRUM 



In string theory, noncommutative geometry is known 
to be the possible and easily realized in terms of D-brane. 
See for the review 23]. One possibility to violate the 
local causality condition is the emergence of noncommu- 
tative geometry. Non-local causal structure is a general 
consequence of noncommutative field theories |2I|. In 
noncommutative space, it is known that the low-energy 
effective action typically includes nonlocal term. For ex- 
ample in the noncommutative theory the low energy 
effective action provides a nonlocal term [2f| 



C 



off 



di p\ ( p 
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967r 2 (pop+ -L) 
I 



ip(p)(p(-p) 



(55) 



where pop = \pi(0 j J Pj\ and O 1 -' is the noncommutative 
parameter with the relation 



x ,x J 



(56) 



Here x % and pi are dimensionful quantities and corre- 
spond to ax 1 and ki/a in our paper. It is clear from 
(|55|l that the time evolution of tp has an IR pole if the 
ultraviolet cut-off scale A is taken to infinity. 

We now consider the possible modification on the time 
evolution of the metric fluctuation due to nonlocal effects. 
Since it is not known how the gravity couple to the non- 
commutative field theory, we will study a modified equa- 
tion for the metric fluctuation as inspired by l|55l) . We 
assume that within a time interval r\- < rj < rj + around 
the bounce, nonlocal effects become important and this 
is captured by the C-term in the following equation for 
the fluctuation 



u"(k,r,)+[k 2 + (C{ V )k- a r 



u(k,rj) = 0. (57) 



Here C(rj) and a > are dimensionless quantities. The 
time function C(r)) is taken to be nonzero in the time 
interval < rj < rj+. Moreover, as a simplification of 
our analysis, we assume that within the bounce period 
C(rj) is constant and the (C(rj)k~ a ) 2 term dominates 
over the other two terms. This requires gravitational 
effects to be suppressed during the bounce. We do not 
argue the mechanism of suppression and take the model 
as a toy model to demonstrate possible nonlocal effects 
in the matching condition. 



We consider three regimes for the time evolution of the 
fluctuation. The dividing line is the size of the Hubble 
scale. We assume that nonlocal effects starts to play a 
prominent role as the size of the Hubble scale gets down 
and becomes H = 1/lb- The length size lb characterizes 
the onset of new physics at sub-?& scale. Therefore as the 
universe approaches the bounce, its size shrinks rapidly 
until H — I /If, at time r\ = ry_ < 0. Below that one can 
no longer trust the semi-classical gravity picture, and the 
universe enters into the nonlocal regime dictated by the 
term (C(rj)k~ a ) 2 in (|57fl until r\ = rj + . At this moment, 
we again have H = and the semi-classical gravity 
picture is resumed. See FIG. [3 

Therefore, outside the bounce period, we set C(ry) = 0, 
and ijSTjl reduces to 



-u(k, rf) = 



(58) 



for the superhorizon modes. Moreover, from now on, we 
will focus on the ekpyrotic scenario with the type of scalar 

potential ggj, i.e., V(<p) = -V a e^^ , 



and we assume 



< q << 1 if T] < rj-, 



1/2 



if rj > rj + . 



(59) 



The choices of p correspond to the following picture in 
the ekpyrotic scenario: before the bounce (i.e., r/ < rj-), 
the brane is slowly approaching the bounce, and after 
the bounce (i.e., r/ > r}+) the brane universe enters the 
radiation dominated era. The time dependence of the 



9 



scale factor outside the bounce period is given by the 
semi-classical result given in section HTTl and in summary 



a(rj) 



Oq\t}\ 1 ~ q 



if i] < r;_ , 
if K) > r] + 



(60) 



where ao, 60 are dimensionful length-scale constants. We 
should mention that for simplicity we have extrapolated 
the solution (|6Tijl so that a (77 = 0) = 0. In general, one 
can relax this condition by introducing the shift so that 
a (77) = bo(i] — Vo) f° r V > V+- The analysis and the 
results are essentially the same. We will not consider 
this possibility. As mentioned, the Hubble size serves as 
the dividing line at 77 = rj_ and r/ + , and these moments 
are characterized by 



Recall Ti := 
obtain 



H( V _)=H(r ]+ ) = l- 1 . (61) 
then from the above condition we 



(1-P)v ' 



— , and ?7_ = -q— . 
It follows from and ((HD that 



V+ 



We also introduce the "period" of the bounce as 
A := 77+ -ii-~ri + 

since q <C 1. 



A 



(62) 



(63) 



(64) 



> 

n- v+ n 

FIG. 2: The nonlocal bounce 



The fluctuation in each regime can then be solved eas- 
ily and we have 

b A\r,\i +1J 2^q tor?7<?7_, 



u « < C-e~ ikv + C+e ikri 



for ?i_ < 77 < ?/ + (65) 



.* (+) 7fe + ^ (+) ^ for 77 > 77+ . 

Here we have denoted for simplicity k :— C'k~ a and 

A:=(^Y 1/2 a , B := f^Y 1/2 b . (66) 



Next we connect these solutions by requiring u and v! to 
be continuous at 77 = 77_ and ?7_|_. We have 



E 



( s(- 


> \ 


- [d(- 


■») 




3A|„_| * 


A\n-\" 




3 


3AI77-I" 


A\ V -\ 








- \ c+ 


) , 




e +ikrj 



-ike~ ik7 i- ike +lk7 >- 



(67) 




(68) 



Thus 



si+) \-m( s{ ~ } 
D (+) - M [ D H 



Z n=v+ E, 1 = v+ E rj=n _Z ri = ri _ 1 jj(-) 



(69) 



We need nontrivial M21 ~ O(k ) to get the scale- 
invariant spectrum since ~ M2\S^ and ~ 
0(fc" 3 / 2 ). 

The leading term in the small 5 expansion of the matrix 
element M21 is given by 



Mai 



2q 



(fe(l»7-l + qv+) cos (kv+) 



3kAB\^\r]l 
+ {-k 2 V+\V- \ + <l) sm(kr] + ) 



(70) 



Now we have a nonzero M21. To avoid the oscillating 
factor in (|7U|) . we further assume that 



fc?7 + < 1. 



(71) 



Then, 



21 



2q 



3 AB 1 77- 1 7/2 
V^ 2 



(|r?_| + 2 OT+ ) 



1*7-1 + 2q?7+). 



(72) 
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We obtain the scale invariant power spectrum 
P(k) = k 3 \D^\ 2 = fc 3 |Af 21 S«| 2 




Here we have used the explicit form of S^' 152(1 . Since 
the observed CMB scale is about 10 -5 , this implies that 
the Hubble scale around which the bounce occurs should 
be at around 10~ 5 of the Planckian energy scale. This 
is quite reasonable. Since ~ fc~2~« ; q correction 

makes the spectrum slightly shifted to red. 

Finally, we comment on the requirement coming from 
dJ- Now 

krj+ = Ck- a r] + < 1. (74) 

Since we are hoping to get the scale-invariant power 
spectrum in the long wavelength limit, we only need 
this condition for very small krj+. The constraint l(74|) 
can be easily satisfied by requiring < a << 1 and 
< Cr/^ +0! << 1. One may think that a < also does 
the job, but this will contradict to the fact that during 
the bounce period the term Ck~ a should dominate over 
the k 2 and the pumping term in l|57l) for the superhorizon 
modes. It is interesting to note that we will only need 
mild nonlocal effect (i.e., a << 1) instead of the canon- 
ical one in (|55|l to have the scale-invariant spectrum. It 
deserves more efforts to derive such an effective theory 
from string/M theory. 

In conclusion, we have shown that the nonlocal bounce 
and the corresponding matching condition is crucial in 
obtaining the scale-invariant CMB spectrum. For our 
calculation, we have assumed the equation for the fluc- 
tuation to be given by (|57j) . which is based on a modified 
dispersion relation inspired by noncommutative field the- 
ory. It is important to derive the precise form of the non- 
locality from a fundamental physical model such as string 
theory. We leave these issues for future study. We hope 
our result helps to shed light on the problem of bouncing 
type cosmologies by identifying the relevant kind of new 
physics that is needed. 

V. CONCLUSIONS AND DISCUSSIONS 

In this paper, we have studied some possible effect of 
physics beyond the general relativity on bouncing cos- 
mologies. Under the constraint of the local causality 
condition, we have derived the general form of the match- 
ing condition that relate the physics before and after 
the bounce in the long wavelength limit. The possibility 
of mixing between the decaying mode and the constant 
mode is clarified. We find that the coefficient of the de- 
caying mode after the bounce can be changed and can 
receive a correction coming from the constant mode. It 
can happen even in the context of the general relativity if 
there exist anisotropic stress during the phase transition. 



On the other hand, the constant mode cannot be changed 
if k 2 S^ is sub-leading compared to D^~\ as in the case 
of the ekpyrotic scenario, for example. This conclusion 
is unaltered even considering effects coming from physics 
beyond general relativity as long as the local causality 
condition is satisfied. This rules out the possibility to 
obtain a scale-invariant spectrum for the pre-big bang 
and for the ekpyrotic scenarios, whenever local match- 
ing condition is employed. The identification of nonlocal 
effects as a possible outlet to achieve a scale invariant 
spectrum is one of the main results of this paper. 

We have also studied the effects on the matching con- 
dition from a violation of the local causality during the 
bounce. With a toy model employing noncommutative 
geometry, we show that it is possible to obtain a scale 
invariant spectrum if the nonlocal effects enter the evo- 
lution equation of the fluctuation as kT a with a <C 1. 
Moreover, from the CMB constraint, we find that the 
bounce should occur at a few orders of magnitude below 
the Planck energy scale in our model. The demonstra- 
tion that a suitable form of nonlocal effects does lead to 
a scale invariant spectrum is another main result of this 
paper. 

It is an important task to understand the nature of 
spacetime in quantum gravity and to derive more pre- 
cisely the form of the nonlocal effects from string theory 
or other theory of quantum gravity. It will be very in- 
teresting if the nonlocal effects we introduced in our toy 
model do appear. We will leave this for the future works. 

Finally we comment on how nonlocal causality may 
play a role in the matching condition considered in other 
works. 

1. In 26], it was argued that one can have a scale invari- 
ant spectrum by considering a linear matching condition 
for e m = ~^H 2 k 2 ^ and e m at the bounce. It is easy to 
see that in order to arrive at such a conclusion, nonlo- 
cal causality of the form we introduced in this paper is 
needed. This is because, as can be seen from 1(1 3JI and 
(|16[) . the definition of the gauge invariant quantity of 
$ includes the spatial integral of the fluctuations of the 
metric, and hence even if the matching condition looks 
local in terms of $ and $, it is not the case when the 
matching condition is expressed in terms of the metric 
and the scalar fields. 

2. In 0, negative surface tension was considered. By im- 
posing a specific matching condition on the fluctutation 
of the surface tension, it was argued that one can obtain 
a scale invariant spectrum. Since the initial condition be- 
fore the bounce is completely determined by the metric 
and the scalar fields, thus in the framework of our general 
analysis, the proposed form of fluctuation of the surface 
tension with the choice of the matching surface should 
correspond to a violation of the local causality condition 
in order for a scale invariant spectrum to be possible. It 
will be interesting to have a concrete framework where 
the negative tension arises physically and to see how the 
violation of local causality comes about. 

3. In |27j (see also |28(), matching conditions in the five 
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dimensional context has been studied. In our analysis, 
we are free to choose the time of the matching rj- so 
long as k/aH(r]-) <C 1. The hypersurface for the match- 
ing does not need to be the one on which the bouncing 
phase start to happen. Since any fluctuation in the five 
dimensional framework can be traced back to fluctuation 
in the four dimensional effective theory if we go back in 
time. Thus, unless the time interval during which the 
four-dimensional picture is not applicable is comparable 
to the scale fc _1 , we can choose to apply the matching 
condition in the four dimensional framework, and non- 
local causality is required to obtain the scale invariant 
spectrum. Finally, it would be interesting to see how the 
mechanism of mi xing of perturbation modes presented in 
the recent work |29| interconnect with the argument in 
this paper. 
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APPENDIX A: METRIC AND SCALAR 
FLUCTUATION ON THE MATCHING SURFACE 

In this appendix, we show that one can exploit the 
residual gauge symmetry of the syncronous gauge to 



Note that </> := (2a 2 )~ 1 Sg^ ) = 0(fe"*+ 2 ). 

To achieve Sg^Q = to arrive synchronous gauge while 



choose the matching surface such that ip is constant over 
it. In this gauge Scjoq — Sgoi — and Sip — at r\ = r\_. 
We will also compute the metric fluctuation (|27(1 around 
r\ = rj— in this gauge. 

We start with the longitudinal gauge in which B = 
E = 0. It also follows that <f> = ip = $ for perfect 
fluid. Here B,E,4>,ijj are paremeters defined in (|13|) . In 
this gauge, the metric perturbation and the scalar field 
fluctuation are given by 

Sg, v = a 2 ('(f 2 £ J (Al) 

and 

<v=(Jv) w+m- (A2) 

Next, we perform the coordinate transformation 

and x {l)l x l = x il)l + 5 ij djC {l) (v {l) M l) ) (A3) 

to the gauge in which Sip = and keeping 5g oi — 0. Here 
superscript I represents the longitudinal gauge. To do 
this, we need 

fCQo = -(H' -H 2 )- l (<p' + H<f>) (A4) 

and 

£® = I dr,e. (A5) 

To obtain we have used the transformation law of 

the scalar quantity 

Sip -> Sip + ip'f (A6) 

and 

V 2 = ^{H 2 -H'). (A7) 

Using (JTSJl, lf2Tl) and the metric fluctuation in this 
gauge can be computed to give 



(A8) 



I 

keeping Sip = on the surface of the matching, we further 



Sgl-\fj,k) = 2a 2 



( 4> \ 

(pi-) +0(fc"* +2 )))<5y 

v +kikj (S ( -H 2 J d V a- 2 - £>(-) J d V (a- 2 J d V a 2 ) + 0(fc"*+ 2 )) 
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perform the coordinate transformation 
fj — ► 77 = 77 + |°(?7, x) and x l — > a; 1 = + S^dj^fj, x) 
with 



and 



e° = a" 1 / dria<j) 
Ifj- 



(A9) 
(A10) 



d?7 a -1 / c?7ia^ 



(All) 



Using (|15J) . it is easy to obtain the metric and the scalar 
field fluctuation in this gauge, 



/0 



<^)(r7,k) = 2a 2 



(d<-> + 0(fc™-+ 2 )))^ 

+fc i A; j (S^Z 2 / efya" 2 - £>(") / ^(a" 2 / efya 2 ) + 0(fc"*+ 2 )) 



(A12) 



and 



fy>(»/,k) = = o(fc™* +2 ) 



(A13) 



Because of (IA10|) . £° = at 77 — f)_ and hence 5ip = at 
77 = fj-. In section IIIII ?7_ is denoted as ?7_ . 



APPENDIX B: COMMENT ON THE CHOICE 
OF THE MATCHING SURFACE 



In section HTll we claim that one can choose any surface 
of the matching defined by 0-(r), x) = 0°_ = constant in- 
stead of the surface ip(r), x) = constant without changing 
the matching condition at the order of k we considered. 
We will show this fact in this appendix. For simplicity, 
we ommit the subscript — and write 0_ as O. First we 
will show that the leading power of k dependence of the 
fluctuation 50(77, x) is fc n *+ 2 on (p = constant surface. 
To see this, consider possible scalar quantities contribut- 
ing to <50(t7, x) by taking contraction of spatial indices 
from the metric. For example, these are 



S(g' ii9 % Sg.,1,-' !,->.■ 



(Bl) 



Note that we do not consider contributions from scalar 
field because tp and tp' has no fluctuation up to the 
order fe n * in our gauge. In (jBlfl it is trivial that 
8 gij k l ti = 0(k n *+ 2 ). As for <)[>i' ,</'■> noting gij = 
a 2 5ij + 2a 2 (Z% + 0(fc™-+ 2 )) from (JJ, 

9'^ ={a 2 ((l + 2D)5 ll+ 0(k n *+ 2 ))y 
x a' 2 ((1 - 2D)5ij + 0(F l *+ 2 )) 
=6H + 0(/c"*+ 2 ). (B2) 

Thus these terms contribute to 50(77, x) at order 
0(k niS>+2 ). Similarly one can verify this for any other 
quantity and thus 50(?7,x) is suppressed with a factor of 
k 2 compared to This is similar to the suppression of 
the entropy perturbation. 



Next, we change the surface of the matching to one de- 
fined by 0(77, x) = constant and show that it only has an 
effect on the higher order terms in the matching condi- 
tion. To change the surface of the matching, we perform 
the coordinate transformation 



77 -> 77 = ?; + £°(t7,x) 



(B3) 



and consider the matching condition on 7] = fj— surface. 
Demanding SO -► SO = SO + O'£ (?7_ , x) = 0, we get 



,0, _J_o 

s \n=v- ~ qi 



0(k 



n,|>+2\ 



(B4) 



since SO = 0(k n<S!+2 ). To satisfy the syncronous gauge 
condition 5 goo — Sgoi = 0, one needs 



and 



= 0- (a'/a)e - (£ )' = 



B = B + f = 0. 



(B5) 



(B6) 



(j> and B are zero as is read off from (12711 and £ is the 
parameter for the diffeomorphism in the spatial direction 



x* -» x l + S lj d 3 £,(r 1 ,x). 
(|B5)l and (|B6|) arc solved by 

e = Ca- 1 

and 



i = C J drja- 1 , 



(B7) 
(B8) 

(B9) 



where C = -a^-\ v=v _ = 0(fc"*+ 2 ) due to (JB4|. Substi- 
tuting these parameters in (|15|) . one obtains 



Sgij — > Sgij = Sgij + 2a I C— S tj + / ^770 C\ 



(BIO) 
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where Sgij in the RHS is given by Q27JI. Thus a different 
choice of the matching surface only affects the higher 
order terms in the fluctuation of the metric. It is also 
easy to verify that 5<p = 0(fc n *+ 2 ) and S<p' = 0(fc"""+ 2 ) 
on the fj = fj— surface. Therefore the fluctuations on the 
O = constant surface take the same form as ()27(l and Ij28(l 
up to the order we consider and hence the same matching 
condition (|37|) is resulted. 



APPENDIX C: EFFECTS OF ENTROPY 
PERTURBATION 



consider the metric fluctuation of the form (in the syn- 
cronous gauge) 



2 

^ D&i+R. 



(Dl) 



with the initial condition given by (|27[) at r\ = r\-. The 
Einstein tensor for i ^ j up to the order fc™* becomes 



G) = a' 2 (kikjD(x) + F% + 2HF[ 3 



(D2) 



In this appendix we comment on the entropy perturba- 
tion and its effect in modifying the matching conditions. 

Entropy perturbation is the perturbation seen by a lo- 
cal observer and can affect the local matching condition. 
Entropy perturbation is defined by (see e.g., |2lj ) 



SssoCK \%- s 4 



(Cl) 



where p and p are energy density and pressure respec- 
tively. If there is no entropy perturbation, (|C1I) indicates 
that the fluctuation of pressure and the energy density 
can be reinterpreted as a local time delay. Thus for the 
purely adiabatic perturbation, every portion of the space 
experiences the same history. 

For a single scalar field model as considered in this pa- 
per, entropy perturbation is known to be k 2 order higher 
than $ |3(j • This is the reason why the entropy fluctua- 
tion can be ignored in our analysis. 

For multi-fields case, one can decompose the fields into 
adiabatic field and entropy fields [2(| ■ In the Minkowski 
space regime, entropy perturbations are k 1 order higher 
than $. If the bounce occurs in a time period much 
shorter than the wavelength as in the ekpyrotic scenario 
with p « 1, one only has modification at the order of 
in the matching condition l|47|). There is no mod- 
ification in the lowest order and thus one cannot obtain 
a scale invariant mode from D^ + \ On the other hand, 
if there is enough time comparable to fc _1 prior to the 
bounce, one can change the order of D^~'. Indeed, chang- 
ing the parameter p in the scalar potential will change 
the power of k of D^~K There have been attempts to get 
scale invariant spectrum b y h aving sufficient duration in 
the contracting phase [j^lHl]- It was argued in [Til l3l| 
that a scenario with p = 2/3 is able to provide a scale 
invariant spectrum. Unfortunately the solution turned 
out not to be a stable attractor point |2*2^ . 



APPENDIX D: 



EFFECTS OF ANISOTROPIC 
STRESS 



To see the effect of anisotropic stress, we assume the 
validity of the general relativity during the bounce and 



Note the indices are not raised in RHS. Einstein equation 
G) = 3Z 2 T* can be solved by 



Fij — Aij I 2 J drja 2 —kikjD J dr/ ^a 2 J dr]a 2 ^j+Bij(r]) 

(D3) 

with constants and 

B i:j (rj) = 3l 2 J d V (a~ 2 J dr) a 4 T^ . (D4) 



Initial condition (|27|l can be satisfied by setting = 
kikjS^'. Since Tj ^ only in the region r\- 
after r/ = ry + <|D3|) becomes 



Fij =(fc l fc 3 S* ( " ) dij a 4 T^l 2 J drja 



kikjD / drj a I drja 



(D5) 



This results in a jump in 5*: 



kikjS {+) = kikjS^ + 3 / dr] a 4 T, 



v+ 



(D6) 



Since the background stress tensor is diagonal, the off- 
diagonal components of come from the fluctuation and 

should be linear in or D^~\ Thus the contribution 
to S( + ) is also linear in or in £)(-) 

as in l|47|l but 

the details of the mixing depends on the physics during 
the bounce. 

In conclusion, after taking into account the anisotropic 
stress during the bounce, the matching condition l|47() re- 
mains the most general one in the framework of general 
relativity. Physics beyond general relativity can only af- 
fect Cs and Cd quantitatively, and there is no contribu- 
tion from S^' to if local causality is assumed. 
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